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It was first observed at the end of the last century that the universe is presently accelerating.
Ever since, there have been several attempts to explain this observation theoretically. There are
two possible approaches. The more conventional one is to modify the matter part of the Ein-
stein Field Equations and the second one is to modify the geometry part. We shall consider two
phenomenological models based on the former, more conventional approach within the context of
General Relativity. The phenomenological models in this paper consider a Λ term as a function of
a¨
a
and ρ where a and ρ are the scale factor and matter-energy density respectively. Constraining
the free parameters of the models with latest observational data gives satisfactory values of param-
eters as considered by us initially. Without any field-theoretic interpretation, we explain the recent
observations with a dynamical cosmological constant.
I. INTRODUCTION
Type Ia high redshift supernova observations indicate
that the universe is presently accelerating [1, 2]. This is
mostly thought to be due to the presence of some un-
known fluid known as Dark Energy. Soon after the first
cosmological solution to the Einstein Field Equations
(EFE), Einstein had put an additional Λ term (known as
the cosmological constant) which produced a repulsive ef-
fect,in order to modify the EFE so that the cosmological
solution could lead to a static universe. He later called
the introduction of this term to be the greatest blunder of
his life. However after observations suggested an acceler-
ating universe, there was a revived interest in the Λ term
as a possible candidate for the Dark energy. Theoreti-
cally, cosmological constant is assumed to be contribu-
tion from vacuum energy given by Λ = 8piGρvac, arising
out of quantum vacuum fluctuations of some fundamental
field. Although the calculated value of ρvac turns out to
be much larger than the value of Λ predicted from obser-
vations, but there is no theoretical argument of making
the ρvac term vanish to exactly zero [3]. So Λ models are
favored for Dark energy (DE). Λ has also been thought to
be generated from particle creation effect or dynamical
scalar field [4]. If we consider that Λ term is responsible
for the dark energy, whatever be the generation mech-
anism, it is clear that contrary to Einstein, Λ is not a
constant but a dynamical cosmological term [5].
DE is also some times considered without the presence
of any fluid or Λ term, just as a consequence of the mod-
ification of the geometric part or the left hand side of
the EFE, but such efforts are not possible in the con-
text of standard General Relativity (GR) [6, 7]. There
are also dynamically evolving scalar field models which
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have been used to describe DE. The popular dynami-
cal physical field models that have been utilized for this
purpose are quintessence [8–11], K-essence [12–17], phan-
tom [18] and tachyonic field [19–26]. Phenomenological
models of a dynamical Λ term are also being popularly
considered as candidates of DE. Phenomenological sim-
ply means there is no derivation of the dynamical Λ term
from any underlying quantum field theory. Such models
may be categorized into three types: (i) kinematic (ii)
hydrodynamic and (iii) field theoretic. The first means
Λ is a function of time or scale factor a(t). The sec-
ond means Λ is treated as a barotropic fluid with some
Equation of State (EOS). The third means Λ is treated
as a new physical classical field with a phenomenologi-
cal Lagrangian. We will be concerned here with (i) and
(ii) only. Such kinematic and hydrodynamic models have
been treated in some depth before. A dynamical model
with Λ = αH2, where H(t) = a˙a has been explored by
Mukhopadhyay et al. [27]. A similar model with Λ˙ ∼ H3
has been considered in [28, 29].
The most frequently used forms of Λ for phenomeno-
logical models are Λ = α
(
a˙
a
)2
, Λ = β a¨a and Λ = 8piGγρ,
where α, β and γ are constants whose values can be con-
strained from observations. The first type of model has
been considered by [30–37]. The second model has been
dealt with by [5, 38–40]. The third type of model has
been considered by [41]. The equivalence of these three
forms has been shown by Ray et. al. [42, 43], connecting
the free parameters of the models with the matter den-
sity and vacuum energy density parameters in the first
paper and by application of numerical methods in the
later one. This paper is basically an in-depth extension
of the work done by Mukhopadhyay et. al. [44] where
they have considered the first type of model and obtained
cosmological solutions for any possible value of the curva-
ture constant and equation of state papameter ω. They
have also analysed the physical features of the solutions.
We shall do the same for the second and third models
and also compare our results to the latest observational
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2data constraining our free parameters. The constraints
are found to be exactly compatible with our initial con-
siderations.
The paper is organized as follows. In the second section
we consider the mathematical model in the background
of an isotropic FLRW space-time based on GR. We calcu-
late the various cosmological and physical parameters for
the two different phenomenological models in considera-
tion. In the next section we constrain the free parameters
associated with the models based on recent observational
data. The final section summarizes the physical insights
of the results we have obtained.
II. MATHEMATICAL MODEL
The Einstein field equation (EFE) in presence of a cos-
mological constant, Λ(t) is given by
Gµν = −8piG
[
Tµν − Λ
8piG
gµν
]
, (1)
where we shall take the cosmological constant as a func-
tion of time in order to account for the dark energy. We
obtain the EFE for the cosmological FLRW metric
ds2 = −dt2 +
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
]
, (2)
which yields the equations(
a˙
a
)2
+
k
a2
=
8piGρ
3
+
Λ
3
, (3)
(
a¨
a
)
= −4piG(ρ+ 3p)
3
+
Λ
3
, (4)
where a(t) and k are scale factor and curvature constant
respectively.
The energy-momentum conservation gives
8piG(p+ ρ)
(
a˙
a
)
= −8piG
3
ρ˙− Λ˙
3
. (5)
We consider barotropic fluid with Equation of state
(EOS) of the form
p = ωρ, (6)
where ω denotes the EOS parameter which can assume
specific values during the evolution of the Universe for
different phases. Plugging this relation in Eq. (4), the
energy density is obtained as
ρ =
3
4piG(1 + 3ω)
(
Λ
3
− a¨
a
)
. (7)
Substituting Eq. (6) in Eq. (4) multiplied by a factor
of 21+3ω and adding Eq. (3) to it we get the differential
equation(
a˙
a
)2
+
k
a2
+
2
1 + 3ω
(
a¨
a
)
=
(
1 + ω
1 + 3ω
)
Λ. (8)
A. Solutions for Phenomenological Model Λ ∼ a¨
a
In this phenomenological model we consider Λ = β a¨a ,
where β < 0 which is justified in the light of latest ob-
servational data [45] as shown in Section (III). Using this
form of Λ in Eq. (8) we obtain
a¨
a˙
= − (1 + 3ω)
2− (1 + ω)β
a˙
a
− (1 + 3ω)k
2− (1 + ω)β
1
aa˙
. (9)
This equation can be simplied to
aa˙
d
dt
[
ln(a˙a−A)
]
= Ak, (10)
where A = − 1+3ω2−(1+ω)β . We choose A = −1, such that
ω = 1−β3+β .
The above equation now takes the form
aa˙
d
dt
[
ln(a˙a)
]
= −k. (11)
The scale factor turns out to be
a(t) =
√
A0t+A1 − kt2, (12)
where A0 and A1 are integration constants.
As we are considering a universe evolving from a sin-
gularity, a(t = 0) = 0. This gives A1 = 0. So
a(t) =
√
A0t− kt2. (13)
The Hubble parameter is computed as
H(t) =
A0 − 2kt
2(A0t− kt2) . (14)
The cosmological constant is given by
Λ(t) = − βA0
2
4(A0t− kt2)2 . (15)
The energy density is given by
ρ(t) =
(3− β)
16piG
A20
(A0t− kt2)2 . (16)
The variation of the scale factor and cosmological con-
stant with time has been plotted for k = 0, ±1 in Figs.
1 and 2.
We obtain a closed universe for k = 1 and open uni-
verse for k = −1 as expected.
The density parameters for matter, cosmological con-
stant and curvature respectively, can be computed for
this phenomenological model as
Ωm =
8piGρ
3H2
= −4β
3
[
k(A0t− kt2)
(A0 − 2kt2)2 +
1
4
]
, (17)
3FIG. 1: plot of a(t) versus t for different values of k.
FIG. 2: plot of Λ(t) versus t for different values of k.
ΩΛ =
Λ
3H2
=
4(3 + β)
3
[
k(A0t− kt2)
(A0 − 2kt2)2 +
1
4
]
, (18)
Ωk = − k
a2H2
= −4k(A0t− kt
2)
(A0 − 2kt2)2 . (19)
For flat space (k = 0) we see from the above expres-
sions that the sum total of the density parameters of
the above components is equal to 1, such that Ωk = 0,
ΩΛ = −β3 and Ωm = (3+β)3 .
FIG. 3: plot of Ω(t) versus t for k = −1.
Also for both the limiting cases, t → 0 and ∞, the
sum total of the density parameters are equal to 1. In
these two cases both Ωm and ΩΛ become independent of
k. Hence both for early and late times Universe exhibit
similar behaviour as per as the k dependency of Ωm and
ΩΛ is concerned.
In general, it can be observed on taking the sum of
Eqs. (17)-(19) that
Ωm + ΩΛ + Ωk = 1. (20)
The variation of the density parameters for both open
and closed universes are given in Figs. 3 and 4 respec-
tively. This analytical approach is consistent with the
observational constraints Ω = 1± 0.016 [45].
B. Solutions for Phenomenological Model Λ ∼ ρ
In this phenomenological model we consider Λ =
8piGργ, where γ > 0 which is consistent with the ob-
servation as can be seen in Section (III). Using this form
of Λ in Eq. (8) we obtain
a¨
a˙
= − (1 + 3ω − 2γ)
2(1 + γ)
a˙
a
− (1 + 3ω − 2γ)
2(1 + γ)
k
aa˙
(21)
This equation can be simplified to
aa˙
d
dt
[
ln(a˙a−B)
]
= Bk, (22)
where B = − (1+3ω−2γ)2(1+γ) . We choose B = −1, such that
ω = 4γ+13 .
4FIG. 4: plot of Ω(t) versus t for k = +1.
The above equation now takes the form
aa˙
d
dt
[
ln(a˙a)
]
= −k. (23)
The scale factor turns out to be
a(t) =
√
A0
′t+A′1 − kt2, (24)
where A0
′ and A1′ are integration constants.
As we are considering a universe evolving from a sin-
gularity, a(t = 0) = 0. This gives A′1 = 0. So
a(t) =
√
A′0t− kt2. (25)
The Hubble parameter is computed as
H(t) =
A′0 − 2kt
2(A′0t− kt2)
. (26)
The cosmological constant is given by
Λ(t) = − 3γA
′
0
2
2(1 + 3ω − 2γ)(A′0t− kt2)2
. (27)
The energy density is given by
ρ(t) =
3
16piG(1 + 3ω − 2γ)
A′0
2
(A′0t− kt2)2
. (28)
Variation of the scale factor a(t) is same as shown in
Fig. 1.
The variation of the cosmological constant with time
has been plotted for k = 0, ±1 in Fig. 5.
FIG. 5: plot of Λ(t) versus t for different values of k.
The density parameters for matter, cosmological con-
stant and curvature respectively, can be computed in a
similar manner as above for this phenomenological model
as
Ωm =
4γ
1 + γ
[
k(A′0t− kt2)
(A′0 − 2kt2)2
+
1
4
]
, (29)
ΩΛ =
4
1 + γ
[
k(A′0t− kt2)
(A′0 − 2kt2)2
+
1
4
]
, (30)
Ωk = − k
a2H2
= −4k(A
′
0t− kt2)
(A′0 − 2kt2)2
. (31)
For flat space (k = 0) we see from the above expres-
sions that the sum total of the density parameters of
the above components is equal to 1, such that Ωk = 0,
Ωm =
1
1+γ and ΩΛ =
γ
1+γ .
In case of t → 0 and ∞, the sum total of the density
parameters are equal to 1 in a similar manner as for the
previous model.
In general, it can be observed on taking the sum of the
above three equations that
Ωm + ΩΛ + Ωk = 1, (32)
which is again consistent with [45].
The variation of the density parameters for both open
and closed Universes are given in Figs. 6 and 7 respec-
tively.
5FIG. 6: plot of Ω(t) versus t for k = −1.
FIG. 7: plot of Ω(t) versus t for k = +1.
III. CONSTRAINTS ON THE DIFFERENT
PARAMETERS WITH LATEST
OBSERVATIONAL RESULTS
Although we deal with simple phenomenological mod-
els which are not dependent on any quantum field theory,
different cosmological pictures can be reflected success-
fully.
Considering the cosmology of base-Λ-CDM, late-
Universe parameters can be observed in ranges: Hubble
constant H0 = (67.4 ± 0.5) km/s/Mpc; matter density
parameter Ωm0 = 0.315 ± 0.007[45]. Using the above
ranges of Ωm0 the model parameters can be constraint
as, −2.076 ≤ β0 ≤ −2.034 and 2.105 ≤ γ0 ≤ 2.247.
Present value of the cosmological constant Λ0 can be
obtained using the relation Λ0 = 3H
2
0γ0Ωm0. It lies
within the range 0.9×10−35s−2 ≤ Λ0 ≤ 1.042×10−35s−2,
which is in sync with the observation [45]. We know
the quintessence equation of state as pQ = ωQρQ, ωQ =
−ΩΛ = −γΩm. Using the above ranges we have, -0.724
≤ ωQ ≤ -0.648. This range is in good agreement with
the accepted range of ωQ which is -1 ≤ ωQ ≤ -0.6[45–
47], although, in either of our models we do not consider
quintessence and present the range only as a qualitative
check.
IV. CONCLUSION
To summarize, the basic philosophy behind the present
paper is to generalize two phenomenological models. Ex-
plicit expressions of a(t), H(t), ρ(t), Λ(t) and also the
parameter Ω(t) corresponding to matter, curvature and
DE have been derived. Cosmic evolution of the Universe
from the very early time to the late time has been dis-
cussed.
The conclusions of the present work can be jot down
as follows:
(i) The models Λ ∼ a¨a and Λ ∼ ρ are equivalent for
k = ±1.
(ii) Both the models exhibit usual cosmological be-
haviour for early and late time Universe. Initially chosen
values of the model parameters are found to be in good
agreement with the observational data.
(iii) Constraints on the different cosmological variables
have been evaluated using our models and the results are
in good agreement with the observational results.
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